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ON SUMS OF EIGENVALUES OF ELLIPTIC OPERATORS ON 

MANIFOLDS 


AHMAD EL SOUFI, EVANS M. HARRELL H, SAID ILIAS, AND JOACHIM STUBBE 

Abstract. We use the averaged variational principle introduced in a recent article on graph 
spectra m to obtain upper bounds for sums of eigenvalues of several partial differential op¬ 
erators of interest in geometric analysis, which are analogues of Kroger’s bound for Neumann 
spectra of Laplacians on Euclidean domains m- Among the operators we consider are the 
Laplace-Beltrami operator on compact subdomains of manifolds. These estimates become more 
explicit and asymptotically sharp when the manifold is conformal to homogeneous spaces (here 
extending a result of Strichartz [26] with a simplified proof). In addition we obtain results for 
the Witten Laplacian on the same sorts of domains and for Schrodinger operators with confining 
potentials on infinite Euclidean domains. Our bounds have the sharp asymptotic form expected 
from the Weyl law or classical phase-space analysis. Similarly sharp bounds for the trace of the 
heat kernel follow as corollaries. 


1. Introduction 

In this article we consider the eigenvalues of self-adjoint, second-order elliptic partial differ¬ 
ential operators defined on a subdomain of a Riemannian manifold {M,g) of dimension v >2. 
The model for the operators we are able to treat is the Laplacian on a domain with Neumann 
boundary conditions, defined in the weak sense, i.e. via the Laplacian energy 


^|(^(x)|2dug 

on functions ip G but the class treated includes a large variety of Schrodinger operators, 

even with weights. Specifically, the eigenvalues we shall discuss are operationally defined by the 
min-max procedure applied to expressions of the general form 

(iV^y^(x)p + U(x)|yp(x)p)e-^^Wdu, 

^ ■ ^|(/?(x)|2e-2pWdug 

For convenience we set w = so that TZ takes on the form 

fn -b U(x)|y?(x)p)r(;(x)e"2^Wciug 


n{ip) = 


/ol<^(x)pe-2pWdug 


( 1 ) 


Here p G 0 < C < w{'x.) G C^{VL), and V G Lip(H) are real-valued functions. We define 

the Neumann eigenvalues of ([T]) by the min-max principle [31|57], i.e., 


:= max min 'TZiip). 

{subspace &: dim(6)=^} { 93 G/II (f!):93T6,||(/j||^2 = 1} 


( 2 ) 
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Of course, depends on the domain Q as well as the choice of the metric g, the density e~‘^P 
and weight w, and the potential V, but dependence on these quantities will not be indicated 
explicitly unless necessary. 

Under suitable regularity assumptions on and V, the sequence {g-i} is nothing but the 
spectrum of the eigenvalue problem 


Hip = gip in (3) 

with Neumann boundary conditions if 90 ^ 0, where 

Hip = —e^^divg ip) + Vwp (4) 

= w[^gp + 2{VW,V3p)g + Vp^ (5) 

where := —divg(V^(/?) is the Laplace Beltrami operator associated with g. 

In the following sections we derive semiclassically sharp phase-space upper bounds for the 
sums of the first k eigenvalues associated with m- We also obtain bounds for the corresponding 
Riesz means and heat trace. The following inequalities, which are valid for any bounded domain 
O C provide a sampling of these bounds : 


and 


1 / k 

k^J^^ ~ u+ 2 v|0|w,. 

3=0 


/ w{x)d^x + / V{x)w{x)d’' 

Jfl Jo. 


X 


_ ^ 

V7n ' y 


where U(x) := U(x) -|- |Vpp(x), |0| is the volume of 0, Wi/ is the volume of the unit ball in 
and, for every / G L^(U), f{-x)d'^x = f{^)d'^x is the mean value of / with respect to 

Lebesgue measure. 


When appropriate we remark on the simpler consequences that apply under assumptions on 
p, w, and V. The case where V = p = 0 and w = 1 identically, and M = reduces to the 
situation treated by Kroger in his ground-breaking work m, and this result was already ex¬ 
tended to subdomains of general homogeneous spaces by Strichartz [26] (see also HI). The upper 
bounds in [ElEil are notable for being sharp in the sense of agreeing with the “semiclassical” 
Weyl law, with the optimal constant. For the background and context of Weyl-sharp bounds on 
sums of Laplacian eigenvalues, we refer to [I6l[17|. 

In this article a new, simplified proof is used, and we considerably enlarge the family of self- 
adjoint elliptic operators for which semiclassical upper bounds are proved. Even when U = 0, 
new cases of interest that are treated include the Witten Laplacian, for which u; = 1; the 
Laplacian of a conformal metric g = a~^g, for which and w = and the vibrating 

membrane with variable density 7 (x), for which 7 (x) = and w = 

In the last part of the paper, we focus on domains of compact homogeneous Riemannian 
spaces. We revisit the inequality of Strichartz (1261 Theorem 2.2]) in the light of this new 
approach and obtain extensions of Strichartz’s inequality to the case where the Laplace operator 
is penalized by a potential in the presence of weights. For example, we prove that if H is a domain 
of a compact homogeneous Riemannian manifold {M,g), then the eigenvalues pi associated with 
m on U satisfy 

j>0 ' j>0 
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for all 2 : G M, and 


j>o 


V 

h 


for all f > 0, where Xj = Xj j-^wdvg + f^Vwdvg, and where the A's are the eigenvalues of 
the Laplacian on the whole manifold M (see Theorem 15.11 and Corollary 15.2p . The extension 
(stricto sensu) of Strichartz inequality is given in Theorem 15.21 and takes the following form 
when Q = M: 


k—1 k—1 

^ ^ Xj 


j=0 


j=0 


It is known that without assumptions of regularity, these variationally dehned Neumann 
eigenvalues for the Laplacian may have finite points of accumulation of a quite arbitrary sort, 
as entertainingly discussed in [12]. In this case the definition ([2|) would yield fii = inf((7ess) for 
all i greater than some value, and the bounds we shall provide would become uninteresting. We 
note that, for example, the spectrum of the Neumann Laplacian is guaranteed to have no finite 
points of accumulation if the boundary is piecewise smooth |12j . 


Remark 1.1. Before elosing this section, we make some further technieal remarks about how to 
define the Diriehlet and Neumann problems for these elliptic operators in the weak, or quadratic- 
form, sense. In this regard we follow Edmunds and Evans [S], where in Chapter VII it is shown 
that uniformly elliptic quadratic forms, on arbitrary open sets in Euclidean spaee, determine 
unique operators via the Friedrichs extension, which, when the domain is suffieiently regular, 
reduce to the classically defined operators for the Diriehlet and Neumann problems. (See also 
[281124j .} In partieular, defining the quadratic form ([T]) initially on the Sobolev spaee Wq (11) 
eorresponds to Diriehlet boundary eonditions, whereas defining it initially on the restrietions 
to Q of functions in the space VLq^’^(M^) corresponds to Neumann conditions. (For domains 
allowing a Sobolev extension property the latter set coincides with W^’‘^{D).) It is not in general 
possible to say that the operators thus defined satisfy boundary eonditions in a classieal sense, 
or to guarantee regularity at the boundary. However, in eases where the boundary is sufficiently 
regular, integration by parts transforms expressions {Hip,(p) where H is a elassically defined 
operator into a quadratic form of the type (HD for If in a dense subset of the Sobolev spaees 
eorresponding to Diriehlet or respectively Neumann eonditions. 

There are certainly signifieant questions of regularity of the eigenfunctions in the ease when 
n is an arbitrary open set, treated for example in |2], but they will play no role in the present 
artiele. 

The extension of the analysis of |S| from ET to manifolds is straightforward, because only 
Hilbert-space structures and locally defined properties of functions and their gradients are used. 


2. The averaged variational principle 

In this section we recall the averaged variational principle which will be foundational for this 
article. The following is mainly a restatement of Theorem 3.1 of Harrell-Stubbe |10] . along with 
a characterization of the case of equality. 

Theorem 2.1. Consider a self-adjoint operator H on a Hilbert space H, the spectrum of which 
is discrete at least in its lower portion, so that —00 < /io < < • • • • The corresponding 

orthonormalized eigenvectors are denoted The closed quadratic form corresponding to H 

is denoted Q{ip,ip) for vectors ip in the quadratic-form domain Q{H) C H. Let ft^ G Q{H) be a 
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family of vectors indexed by a variable ( ranging over a measure space (971, S, a). Suppose that 
9Jto is a subset of Tl. Then for any z G M, 

[ {'if^^\fc) da> f {zWft^f - Q{fi;,f(;)) da, (6) 

j Jm Jmo 

provided that the integrals converge. Moreover, equality holds in ([6|) for z G W if and only if up 
to sets of measure 0, 

{/C ; C G 5Jto} C E{z) and {/^ ; C G \ 9Jto} ± Eo{z), 
where E{z) = ker(i7 - fil) and Eo{z) = 0^^^ keic{H - fil). 

Taking ^ in ([6]) we obtain 


(7) 


Tk( [ fc)\‘^ da 

\ Jwq Jm y 

P k—l 

< / QUofdda-'^hj / da, 

Jmo ^ Jm 

Remarks 2.1. 1. The averaged variational principle is an abstract version and sharpening of 
ideas appearing in various place in the literature, including not only [15], but also work of Lieb 
and others on coherent states and trace inequalities |20l [22] . In special cases, similar use of 
averaging and tight frames for the study of eigenvalue sums and related quantities has also been 
made by Laugesen and Siudeja [T8] . 

2. We point out that the normalization of the test function f^ could be incorporated into the 
measure, so that, for example, Eq. ([6]) could alternatively be written in terms of integrals of 
expectation values such as 

J ® 

i.e., over norms of projections of the eigenfunctions. Despite the suggestiveness of these alter¬ 
natives, an advantageous feature of (ED-® that we shall later exploit is that useful identities 
are available for averages of norms of some choices of /^. Still, if the test functions and 
the measure space 971 constitute a tight frame, in the sense of satisfying a generalized Parseval 
identity US]: then alternative forms of the inequalities imply appealing variational principles for 
sums and Riesz means of eigenvalues, as captured in the next corollary. 

Corollary 2.1. Under the assumptions of the Theorem, suppose further that is a nonvan¬ 
ishing family of test functions with the property that for all cj) gTL, 


im 


■da = A\\(j)\\^ 


for a fixed constant ^ > 0. Then for any 971o C 971 such that (|971o| — Ak) 

^ k—l 


j=0 


|9?to| 


'WIo 


iTTcir'""' 


(9) 


(2 - Uj)+ >j[ 

. ^ Jmo 


z — 


Qifofc) 

ll/cP 


For Riesz means 


da. 


( 10 ) 
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The proof of Corollary 12.11 is immediate; see m for more in this connection. To make our 
exposition self-contained, we provide here the proof of the inequality ([6]) in Theorem 12.11 before 
discussing the case of equality. 


Proof of Theorem \2. 1\ . For every integer / > 0, we denote by Pi the orthogonal projector onto 
the subspace spanned by , j < /}, i.e. Pif = ^ ■ Let z £ R, z > no (the 

inequality ([6]) being obvious for z < fio), and let k be the smallest integer such that z < Hk (that 
is 2 € (^fc_i,^fc]). Then 

z\\f - Pk-iff < ^ik\\f - Pk-iff < Qif - Pk-if, f - Pk-if), ( 11 ) 


and, after direct computations, 

^ (ll/f - \\Pk-iff) < QifJ) - Q{Pk-if,Pk-if). 

With ||Pfc_i/f = and Q{Pk-if,Pk-if) = Ei=d/)^ this yields 

k-l 

z\\ff - Qif, f) < 

1=0 

Applying this last inequality to /^, C S and integrating over 9Jlo we get 

^—1 

n n rv _L ^ 

z\ Wfcfda- Qif(;JQda<'^{z-fj,j) fQl^da 

Jmo Jmo j^Q Jmo 

= '^iz-k'j)+ [ \{f^^^\fd\‘^da. 

j>0 

The inequality ([6]) follows from (11211 and the obvious inequality 

'^iz-f^j)+[ l(V’^^\/c)Pha < ^(2-/ij)+ / |(V’L),/^)|2da. 

^ Jwo ^ Jm 


( 12 ) 


(13) 


l>o 


j>o 


Assume now that equality holds in ([6]). This implies that equality holds in (11311 and in m 
for f = f( for almost all C G 91to- Equality in (fTT]l holds for / either when z < and / = Pk-if 
or if z = /ifc and Hif — Pfc_i/) = /ifc(/ — Pk-if), which implies in both cases that / G Eiz). On 
the other hand, equality in (fT3]l implies that, for almost all C £ 511 \ TRo and all j G N such that 
< z, fc^ is orthogonal to span{i/;('^\... which means that is orthogonal to Eoiz). 

Conversely, under the conditions of the statement, 

2 


^ (Z - flj) j (V'L) ^ f 

. hn ■ Jmo 


da 
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As the guiding example for this article, when is a bounded subdomain of we may use 
test functions of the form 

1 


(27r)^/2' 


,ipx 


where C has been equated to p, which ranges over OJt = with Lebesgue measure (The reason 
for distinguishing logically from p will be made clear in Theorem I4.1l i. Indeed, ||/^|p = 
for all C) where |n| is the Euclidean volume of fl, and Parseval’s identity gives 


[ \{ci>,fc)\^d^p=Uf. 

Jr-' 

Hence, applying Corollarv l2.1l with SOIq C 9JI taken to be the Euclidean ball of radius 27r , 

we recover Kroger’s inequality for Neumann eigenvalues of the Euclidean Laplacian (here ujiy 
stands for the volume of the i^-dimensional Euclidean unit ball). Indeed, in this case, the 
Rayleigh quotient of is simply given by 'R-{fc) = |pp and ([9]) yields 


I 

k 


k-l 

J=0 


|9JIo| 


I 12 jv 

IpI d p 


'mo 


/ A: \ 

V + 2 y ) 


This approach can be applied to easily extend Kroger’s inequality to Neumann eigenvalues 
on a bounded subdomain of in the presence of nontrivial potential and weights. 


Example 2.1. Let po < < ■ ■ ■ he the variationally defined Neumann eigenvalues ([2]) on 

a bounded open set Ll C endowed with the standard Euclidean metric, where w, p, and V 
satisfy the assumptions stated above. Then 

^ (i^)" (I'D 

where K(x) := K(x) + |V/9p(x) and, for every f G f{x)d'^x = f^ffx.)d^x is the 

mean value of f with respect to Lebesgue measure. 


Example 12.11 sets the stage for a more general result that we obtain in Section [3] in the context 
of Riemannian manifolds. We also stress that these estimates will be improved in Section [H 
with the aid of a coherent-state analysis relating the upper bounds to phase-space volumes. 


Upper bounds for individual Neumann eigenvalues pj are also obtainable from the averaged 
variational principle. In order to somewhat simplify the bound, let us define the shifted Neumann 
eigenvalues 


Pj := pj — 'h V{x)w{x)d'^x. 

Jn 

In terms of these quantities, we will be able to show that (see Corollary 13.11) 


(15) 


Pk < 



(16) 


where 


k-l 


Sk := 


k 2-jj= 


0 Tj 






2 


< 1 . 


(17) 
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3. Bounds for Neumann eigenvalues on domains of Riemannian manifolds 


Let (M, g) be a Riemannian manifold of dimension v >2 and let O be a bounded subdomain 
of M. Of course, when M is a closed manifold, 0 can be equal to the whole of M. 

Let F : {M,g) —>■ , be an isometric embedding (whose existence for sufficiently large N 
is guaranteed by Nash’s embedding Theorem). To any function u € L^(0), we associate the 
function up : —)■ M dehned by 

upip) = f (18) 

Jn 

where the dot stands for the Euclidean inner product in (i-e., up is the Fourier transform 
of the signed measure Ft,{udvg) supported by F(n)). It is well-known, since the works of 
Hormander, Agmon-Hormander and others (see [U Theorem 2.1] [141 Theorem 7.1.26], [251 
Corollary 5.2]), that there exists a constant Cpipi-^ such that. Mu € L^(fl) and MR > 0, 

f \uFip)\‘^d’^p<Cp(^Q)R’^~‘'\\uf, (19) 

JBr 

where Bp is the Euclidean ball of radius R in centered at the origin and ||u|p = f^u^dvg. 
In other words the Fourier functions appearing in (|18l) constitute a frame that is not generally 
tight. 

We dehne the Riemannian constant F[q by 


Hu 


inf inf 

N>u F&I{M,RN) 


N -|- 2 / ioj\f 




( 20 ) 


where is the set of isometric embeddings from {M,g) to R'^. 

When 11 is a domain of R^, we may take for F the identity map so that, Mu G L^(ll), uj is 
nothing but the Fourier transform of u extended by zero outside 11. Using Parseval’s identity 
we get MR > 0, 

f \uF{p)\'^d''p< f \uF{p)fd''p = {2Fy\\u\\‘^. 

J Br Jr'' 


Thus Cj^u) = (27r)'^ and 


Hu < 


(2vr)- 

UJu 


( 21 ) 


In all the sequel, the notation |ll|g will designate the Riemannian volume of U with respect to 
g. We will also use the notation dvg to represent the mean value of a function / G L^(ll) 
with respect to the Riemanian measure dvg. (Le., f dvg = -pj- 


Theorem 3.1. Let (M, g) be a Riemannian manifold of dimension v >2. Let pi = pi{Ll, g, p, w, V), 
I G N, be the eigenvalues defined by on a bounded open set H C M, where w, p, and V satisfy 
the assumptions stated above. Then 

(1) For all z G R, 


j>o 


2 |ll|g 
(u -|- 2)Hu 



( 22 ) 


where V = U + 
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(2) For all k gN, 


k-l 




< 


f Hn 


k z/ + 2 V|0|( 


-r w dvg + -r Vwdvg. 

Jfi Jn 


( 23 ) 


(3) For all t > 0, 


i>o 


-dO'j-inVwdvg) > 1^1 


t ) UJuHq 


/ 

Jn 


w dVf 


( 24 ) 


Proof. Let F : (M, g) —)■ be an isometric embedding. For simplicity, we identify the domain 

Q with its image F { Q ) C and any function tt : —)• M with u o F ~^ : F { Q ) — )• M. 

We apply Theorem 12.11 using test functions of the form 

/C(x) := 

where C has been equated to p, which ranges over 501 = Bji C endowed with Lebesgue 
measure, where Bfi is a Eucidean Wdimensional ball whose radius R is to be determined later. 
Our Hilbert space here is e~‘^^dvg) (endowed with the norm ||m|P = Jq vP‘e~‘^Pdvg). Hence, 

for all C) 

ll/cf = 

and consequently 

[ \\fcfd^p=\n\gU;NR^. (25) 

Jm 

On the other hand, in our case the quadratic form is 

Q{fok)= [ (|VVcP + ^l/cP)^(x) 

Jn 

where is the tangential part of the gradient of (more generally, for all v G M'^, v'^ will 

designate the tangential vector held induced on H by orthogonal projection of v). Thus, with 
l/cP = and = |p" + ^"p\^ 

Q{fcJd= [ (|p^|^(x) + 2p-V^/9(x))u;(x)dug+ [ {V + \V^p\kw{x)dvg. 

Jn Jn 

Observe that for symmetry reasons, for all v G \ {0}, 


/ : 

Jbr 


p• Vd^p =0 


and, after elementary calculations, 

f iP-y?d^P='4f 

Jbr Jbr 


N + 2 


ujj\fR 


W+2 


Thus, if {ui,..., Vr} is an orthonormal basis of the tangent space of H at a point x, then 


[ \p4\^)d^p = Y, [ {p-Vj?d^p = 




N + 2 


(jjjsfR 


This leads to 


f Q{f(:,fi:)d^P= u}nR^~^'^ f wdvg + UNR^ f Vwdvg. ( 26 ) 

Jm + 2 Jq Jq 
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It remains to deal with the integrals /^)p where is an L^(n,e ‘^Pdvg)- 

orthonormal basis of eigenfunctions associated to {//j}. Setting = e~^'ip^^\ 

(V’^^\/c)= f fc'ip^^^e~'^^dvg = [ e''^'^'ip^^'^e~Pdvg = 

J Q J Q 

Using (fT^ we obtain 


J Bji J Bji J 


dVn 


_ rjN—u 

— ^F(0)-K 


f 

Jn 


^Pdvg = CF{n)R 


N-u 


(27) 


We put (l25l) . (f26]l . and ([3]) into ([6]) after choosing OJlo = 9?I = and obtain for all 7? > 0 
and z G M 

vBP^ 


(^ - fij)+C' f(G) > MgUJNR' (^Z- -^:^j'^wdVg-j'^VwdVg'^ 


(28) 


The right side of this inequality is optimized when R = 0 ii z < j-^Vw dvg and when R? = 


^n^wdvg) / j^wdvg otherwise. Thus 


(z - Pj)j^CF(^) > 

j>o 

'N + 2\^ 2 


inlgWAT 


£ 


w dv. 


u + 2 y u + 2 

Taking the infimum with respect to F and N we get 
To prove (1231) we first observe that taking 2 : = in 

\^gUJNR'' ( izR'^ 


/ 

Jn 


z —f Vw dv. 


1+1 


(29) 


kpk - X^ i^j 


, > 


C 


F(G) 


j=0 

for all i? > 0, or 

k—1 y 

i=o ^ 

Choosing R such that = k we get 




N + 2 


gives 


'f w dvg —f Vw dv, 

Jn Jn 


(30) 


i^Iq^nr 


c 


Fin) 


\n\gUJNR'' ( FR^ 

fifc + 


c 


Fin) 


N + 2 


n 


-f w dvg + 'f Vw dv, 

J Qi J Q 


k-1 

<k 

j=0 


2 

V ( CFin)k \ ■' 

N + 2 \^|n|gWAry Jq 


-f w dvg + -f Vw dv, 

J Qi J ^ 


9 ’ 


(31) 


which leads to (12311 after taking the infimum with respect to F and N. 

The inequality (|24p is a consequence of (j22p and the following identity relating the heat trace 
to the Laplace transform of the Riesz mean : 


_ poo _ 

,>o i>o 


-dz. 


(32) 

□ 
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Remarks 3.1. 1. In la Theorem 1.2], Li and Tang obtained for the Laplacian (i.e. in the 
case V = p = 0, w = 1) an inequality which is similar to but weaker than (1311) . Indeed, instead 
of the term in the right side their inequality appears with 

2. It is possible to derive (I23p from (1221) using Legendre transform. Indeed, the Legendre trans- 

i+- 

form of a function f of the form f{z) = A{z — B)_^_ ^ with A > 0 is given by 

2 


f^{p) = SVLp{pZ- f{z)) = 

z>0 


while the Legendre transform of g{z) = ~ hj)+ 

LpJ-1 


.p^+l + Bp, 


j=0 


(Indeed, for z G [pk-i-,hk], pz — g{z) = {p — k)z + Tj which is nondecreasing as soon as 

k < \j)\.) Hence, it suffices to apply Legendre transform to both sides of ([2^ taking into account 
that such a transform is inequality-reversing. 


Corollary 3.1. Under the assumptions of Theorem \S.1\. for any positive integer k, 

2 

Hn 


P-k ^ 1 + 2 


l-Sk 
n + 2 




-k 


f 

Jn 


w dv 


9’ 


(33) 


where 


- TT 
: l^j=0 Pj 


Pk = Pk — T Vwdvg and := 


k 


(fC)" 

Notice that according to Theorem 13.11 (2). Sk < 1. 

Proof of Corollaru \S.l\. We take back the proof of Theorem 13.II and rewrite (I30D as follows: For 
every positive R, 


k-l 


kpk - ^ Pj 


> 


\Ll\gOJNR'' 


1=0 


C 


F{Q) 


Pk 


N + 2 


f 

Jn 


w dvr 


9 ’ 


(34) 


which yields 


\Il\gUJNR'' 


c 


F(n) 


-k] pk< 


V \Il\gUJNR''^‘^ I 


k-l 


N + 2 C 


F{n) 


f wdvg-Y^ Pj 
Jn ■ n 


With the change of variable a := ^ ^ R'^ the last inequality reads 




(a - l)pk < 


F{n)t 

2 

V (CF{n)k\'' 


1=0 


k-l 


+ 2 y |n|gt07v / 


/ wdvg 

^i=o 


for all fj > 1. Taking the infimum with respect to F and N and using (|2Up . we get 

fc-i 


{a - l)pk < 


[HnkV 

Jn 


f 

Jn 


wdv„ <' — 




1=0 
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That is 


h'fc — 


(Hnk\ 


- Sk 


w dVf 


(35) 


V \^\g J ^ cr-l 

This inequality can be explicitly optimized with respect to cr G [1, +oo) only when u = 2, and 
we then obtain cj+ = 1 + — Sk, yielding the desired bound. For general u > 2 we introduce 

1 u + 2 

a new change of variable as follows : cr = 1 + azk, where Zk = {1 — Sk)p, p = -, and a is a 

free positive parameter. Then the bound (|35l) reads: 


pk ^ 


(HnkY 


w dvc 


(1 + azkY -1 + zl 


Since 1 < p < 2 for all u > 2, it follows that 


azk 


1(1 + azkY -1 + zl 


P 


azk 


1 z^~ 

- / (1 + sf-Ys + 

azk Jo pa 

- / (1 + (p - l)s) ds + 

azk Jo 


< 


= 1 + 




pa 


{p - l)azk , zl ^ 


+ 


pa 


2z‘ 


.P-2 


Thus, 


Optimizing with respect to a leads to choose a^ = 

pip - 1) 

1 + 1 + ^ ++4 = 1 + 2^. 
P azk \p Vu + 2 ' 

which implies the the desired inequality. 


□ 


Corollary 3.2. Under the assumptions of Theorem \d.l\. for any integer k € N such that 


E-=oV,>o, 


In particular, 


1 1 


dVg 

Tk 


< 


u + 2 


Pk < max <2'rVw dvg ; 2 (u + 2) ^ 


Hn 

Hn 


W dVg. 


|F!|, 




(36) 


(37) 


Proof. From the inequality (l30]l in the proof of Theorem 13.11 we deduce with Ej=o k-j ^ 0 that 
for all i? > 0, 


kpk - 


\Q\gUJNR'' 


c 


F{n) 


kk 


vW 
N + 2 


-f w dvg — r 

Ju Ju 


w dva — r Vwdvg j > 0. 


(38) 


The left side achieves its minimum when R = 0 if pk ^ Vwdvg and otherwise when R? = 
' Pk — dvg \ / j-^wdvg. Since (f36]i is obviously satisfied when pk < j^Vwdvg^ we 


v+2 


shall assume pk > Vw dvg and get 

\n\gU;N fN+ 2\^ 2 


kpk 


C 


Fin) 


V + 2 J u + 2 


/ 

JQ 


l^k Vw dvc 


i+i 


i 


w dv, 


> 0 
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which gives 



Therefore, 



Raising to the power ^ and taking the infimum with respect to F and N we obtain (|36p . 

To prove (1371) we observe that if > 2 Rtc dvg , then 1 — > ^, so we can deduce 

from (l36]l 


1 

2 


i+f 


fJ-k < 



W dVg. 


□ 


Note that when p = V = 0, the inequality ([361) of Corollary 13.21 produces 


d'k — 


V + 2 




W dVg, 


which coincides with Kroger’s estimate m Corollary 2] when is a Euclidean domain and 
w = I (just replace Hq by ). 

Let us highlight some consequences of Theorem 13.11 on Schrodinger operators, Witten Lapla- 
cians, and Laplacians associated with conformally Euclidean metrics. 


Example 3.1 (Schrodinger operators). From (|23p in Theorem \3.1\ and (|37l) in Corollary Id.^ 
we deduce that for any Schrodinger operator Ag + V on CL and any integer k > 0 we find (with 
p = 0 and w = 1) 

+ (39) 

Furthermore, if hji^g + 1^) > 0, 

Pk{\ + V) < max 1^2 j' Vdvg ; 2 +2)- |. (40) 

These estimates are to he compared with [6l Theorem 2.2 and Corollary 2.8], [3 Theorem 2.1], 
and the results by Grigor’yan, Netrusov and Yau [9l Theorem 5.15 and (1.14)] by which, under 
the assumption po{Ag + K) > 0, 

Pf,{Ag + V)<C{n)k+^£vdVg (41) 


where (7(12) > 0 and e(12) S (0,1) are two Riemannian constants that do not depend on V or k. 
They ask whether such an estimate holds true with e(12) = 1. The inequality ([391) answers this 
question for the eigenvalue sums hj ^he affirmative, without any positivity condition. 
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On the other hand, unlike the upper bound in (BD), our estimates (l3^ and (BOD are consistent 
with the Weyl law regarding the power of k. Notice that (HD) has been recently improved by A. 
Hassannezhad [H] who obtained 

hki^g + V)< 0(0) + A,ivdvg + BJ^ 

Jn Vl^lg 

under the same assumption of positivity of iao{Ag + V), where A^, > 1 and are two con¬ 
stants that only depend on the dimension v, and C{kl) is a Riemannian constant that does not 
depend on V or k. Our estimates are valid, however, under weaker assumptions and, moreover, 
the coefficient in front of V dvg in (ITO is equal to 1 while the other coefficient is explicitly 
computable at least in the elementary case where is conformally Euclidean. 



Example 3.2 (Witten Laplacians). Let kl be a hounded domain of a Riemannian manifold 
{M,g) and let Ap be the Witten Laplacian associated with the density e~‘^^, that is, 

Apip = Agif + 2(V^/9, 

The Neumann eigenvalues {p,i} of Ap in LI satisfy the following estimates : 

(1) For all z G M, 

2 \n\g 


(2 - hj)+ > 

j>0 


(2) For all k gW 


(3) For all k gW 


In particular. 


^ k—l 


< 


(u + 2)Hq 


u f Hn 


z — 


/ |VVP 

Jn 


dVr 


j=0 


u + 2 Vl^^l 


k] + 


/ |VVI 

Jn 


^dVg. 


Mfc 1 - 






< 


u + 2\i / Hn ' ' 




Hk < max < 2 -f | dvg ; 2 (u + 2) 


a fHn 


|J2|, 


(42) 


(43) 


(44) 


(45) 


This last inequality is to he compared with the estimates obtained in B]- 

For example, when Ll is a bounded domain of ML endowed with the Gaussian density 
we have for the corresponding Witten Laplacian 

k-l 


1 V -r U 




u + 2 


47r^ 


k 




+ 1 
r 


where R is chosen so that LI is contained in the Euclidean ball Bn. 


Example 3.3 (Laplacian associated with a conformally Euclidean metric). Let LI be a bounded 
domain of and let g = a~‘^gE he a Riemannian metric that is conformal to the Euclidean 
metric qe- The Neumann eigenvalues {fii} of the Laplacian Ag in LI satisfy the following 
estimates in which |fl| denotes the Euclidean volume of Ll : 

(1) For all z G M, 


(^ - Tj)+ 

j>0 


^ 2uj,^\Ll\ 

- (i/ + 2 )( 27 r)^ 




(46) 
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(2) For all k gN, 


^ k—1 


< 


( k 


+ 2 Vaij/IOI 
i=o 




2 JV 


(fx. 


(3) For all k gN, 

/^fc I 1 , 

V 4 /ifc 


2 1+ 


< 471^ 


y -\-2 




/ 

Jn 


2 

a a X. 


In particular, 


/ifc < max 


u 

~2 


/|Va| 

Jn 


^ (f X ; Stt^ {y + 2)^ 




2 

7 


C? (f X 


( 47 ) 


(48) 


(49) 


Note that a domain of the hyperbolic space can be identified with a domain of the Euclidean 

2 . ,.,2 


unit ball endowed with the metric g = 




^ qe- For such a domain we get, with a = 


i-kl= 


d'^x < and |Vap d'^x = \x\^ 33x. 


k-l 




, < 


71^17 


k u + 2 Vwjy|r2| 

7=0 


+ 


-/ 

4 Ja 


12 

x\ a X. 


f^\x\^d‘'x\^^- ^fu + 2 


and 


hk{I- 


IXk < max 


hk 


< TT^ 


UJu\Il\ 


lib 


xf X ; 277^ (i/ + 2)' 


UJiy\3l\ 


2 ’ 

(50) 

(51) 

(52) 


4. Sums of Neumann eigenvalues on domains conformal to Euclidean sets, and 

PHASE-SPACE VOLUMES 


A phase-space analysis can considerably sharpen the upper bounds on sums of eigenvalues 
from the previous sections so that they become sharp in the semiclassical regime. Following 
physical tradition, it is shown in m how this may be achieved in some circumstances with the aid 
of coherent states. We carry out such an analysis in this section for (HI) when (M, g) = (M*^, d3x). 
We must first introduce a few quantities that will be helpful to relate spectral estimates to phase- 
space volumes. To avoid complications we assume that the potential energy V is Lipschitz 
continuous and bounded from below. We do not assume that fl is necessarily bounded, but if it 
is not, we require V to be confining in the sense that there is a radial function i4ad(F) tending 
to -|-oo as r —)• oo with V(x) > V(-ad(|x|) for all x ^ 12. This condition is sufficient to ensure that 
the eigenvalues form a discrete sequence tending to -|-oo. 

Definition 4.1. The effective potential incorporating a correction for the conformal transfor¬ 
mation will be denoted F(x) := F(x) -|- |V/?p(x), and the maximal Lipschitz constant ofV(x) 
on the region 12 n {x : V{x) < A} will be denoted Lip(A). 

The L'^ -normalized ground-state Dirichlet eigenfunction for the ball of geodesic radius r in M 
will be denoted hr and lC{hr) := /g \\/hr{x)\^dy x. I.e., in this section where M = h is a 
scaled Bessel function and 

jl-i 1 

nhr) = 
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Remark 4.1. The function hr will ensure that some coherent-state functions to he defined below 
are localized in configuration space. Its specific form is but one of many plausible choices. 


We next recall some quantities that arise in phase-space analysis. 


Definition 4.2. The Euclidean phase-space volume for energy A is defined as 


chi(A) := 


1 


(27r)^ 


(x,p) : |p|2 + y(x) <A 




(271) 


A — y(x)) ^ d’^x, 


according to a standard calculation to be found, for example, in |21] . If the weight in dU) is not 
constant, we make use of a weighted phase-space volume, 


$^(A) = 




(271) 


A — l/(x)) w{yI)dTx. 


The total energy associated with this quantity is correspondingly 

IpP + ^(^)) w{x.)d'^xd'^p 


E»(A) := 7^ / 

./{(x,p):xgO,|p 




n -\-2 (27rY 

We note that according to 


|2+V(x)<A} 
A-l/(x 


i+- 

2 


w{x.)d'^x. 


dEy^ 

~dA 


(A) = 


(53) 


(54) 


and that $ 1 ^, increases strictly monotonically in A, implying that Ey, is strictly convex. 


Theorem 4.1. Let < p-i < ... be the variationally defined Neumann eigenvalues ([ 2 ]) on an 
open set Q G where w,p, and V satisfy the assumptions stated above, and define A{k) as the 
minimal value of A for which ‘hi(A) > {27rYk. Then 


k-i ^ 

< Ey,{A{k)) -h3 (2j2_^^^Lip(A(A:)))3 (^A{k) + {2jl_^^^Up{A{k))^'^ . (55) 

7=0 

The Riesz-mean form of the inequality reads 

^ 17^ (Sf / dy (56) 

- j i^-^(y))+dy^ + J |x|/i2^ . (57) 

Remarks 4.1. 1. We call attention to the fact that the condition in this theorem defining A 
uses the Euclidean phase space, whereas weighted phase-space quantities appear in isi). 

2. The dominant term in the semiclassical regime can be identified by introducing a small 
parameter a as a coefficient of |V</7p in ([I|), i.e.. 


UaiT) 


(q;|V(^(x)P -h F(x)|(/?(x)p)r(;(x)e '^P^^'>dvg 

In |<^(x)|2e-2pWdng 


(58) 
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The result, in the Riesz-mean form after choosing a convenient relationship between r and a, is 

E - «)+ 2 / (* - <*!' 

(£ 5 ^ /(2-D9))Jrf!/) (l|V/!i|P + j \x\hfj , (59) 

in which the leading term is precisely the expected semiclassical expression, in contrast to results 
of the previous section such as Example 

3. Inequalities of the type (|55]) imply estimates of quantities including trace of the heat kernel (= 
the partition function in quantum physics) and the spectral zeta functions by simple transforms. 

For instance (|55]) implies for the Riesz mean Ri{z) := Yhj “ Tj)+ 

Ri{z) > (^^;^>^(A(z)) - E^{A{k)) +?,[2jl_^^^Up{K{k))Y (^K{k) + (2j2_^_^Lip(A(A:))i)) . 

(60) 

The Riesz mean is in turn related to the heat trace by the Laplace transform (I32p . 

Proof of Theorem \4.1\ We apply Theorem 12.II to the Neumann eigenvalues of ([T]) as defined by 
([2]), using for test functions “coherent states” [in [27! of the form: 

fJx) := ^ ip-(x)+p(x);^ / _ Y 

^ (27r)^/2 ^ ’ 

In this formula, C, = (Pj y) ranges over the phase space 501 = with Lebesgue measure. The 
radius r will be chosen below. 

We note that the inner product that appears is a Fourier transform with respect to the variable 
X, viz., 

{<!>, fc) = 5[/ir(x - y)e“^(^)(/>(x)], 

where if O is a strict subset of M^, then f is extended by 0 outside Ll. Thus, with the Parseval 
identity. 


[ d'^pd'^y = f f hr{yi-y f\(t)\^ e ‘^f’d'^yd'^x = f e . (61) 

Jk'' Jk'' Jk'' 

The set 90to in Theorem 12.11 must be taken large enough so that 



= TTTF / {{\v? + V{^))hl{^-y) + \S/hr{^-y) + hr{^-y)Vp{^)\^)w{^)d}'xd''pd''y. 

[ZTT) JotoxO 

(63) 

We now make the ansatz that 501o = 911o(A) := {(x,p) : x S ll,|pp + l^(x) < A}, where 
A > A{k), defined as the minimum value of A for (1621) to be valid. Thus the upper bound in 
(1621) becomes ^i(^); whence the condition in the theorem. 
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Since the support of h is restricted to a ball of radius r, the x-integral may be restricted to 
the set {x e n : 3y, |y — x| < r, |pp + F(x) < A} C + Lip(A)r). Thus, integrating first 

in y, the right side of (l63|) is bounded above by 


/p:! 


[ ((IpI^+ 'l^(x))h^(x-y) 

Jr-' 


(^Tt) J {p;|pP<A} J {x:l/(x)<A+Lip(A)r—I pP} . 

+ |Vhr(x — y) + hr{'x. — y)V/9(x)|^) w{'K)d'^y (f x d!^p 

= ^[ [ 

(27r) •/{p;|pP<A} J {x:y(x)<A+Lip(A)r’—I pP} Jr.’' 

+ |V/ir(x — y)p + Vp(x) • V/i^(x — y)) w{x.)d'^y d'^x d'^p. 


p|2 + t^(x))/i2(x-y) 


The last contribution vanishes because 


Vp(x) • Vh^(x - y)d''y = [ Vp(x) • = 0, 

jR’' 


leaving 


k-l 

3=0 


< 


1 


(27r) 


L 


OTo(A+Lip(A)r) 


(IpP + t^(x) + lC{hr))w{yi)dy X d'^p 


(64) 


(65) 


for all values of r > 0. The upper bound 
1 


(271) 


is of the form 
(£'^(A + Lip(A)r) + + Lip(A)r)/C(hr)) 

1 


< 


(271) 


£'u)(A) + 


Ju-1,1 


+ Lip(A)r 4>^(A + Lip(A)r) 


where we have made use of (j54l) and the monotonicity of in a first-order expansion of E^. 


Choosing the optimal value r = 




, we get the claim (1^ . 


The derivation of (j56p proceeds similarly. 


□ 


Remark 4.2. ITe note the following special cases of particular interest. 

1. Laplace operators with Neumann conditions on a compact Euclidean domain (V = p = 0, 

(27r)^ k 

w = 1). In this case Lip(A) = 0, Az := and we recover the inequality of Kroger, that 


\n\' 


k-l 


< 


V U3„ 


V + 2 (27r)' 




k 


iy+2 


j=o - ' - 

Indeed, without the potential V, the introduction of the function h^ is not needed for the proof. 
2. Nonhomogeneous problems with p = V = 0, but w is variable, under Neumann conditions: 

k-l 


7=0 


, < 


u + 2 {2Try 


w{'x)dy X 






The eigenvalue bounds of Corollary I5'. il are sharp as k tends to infinity. Indeed since pk = dk 
we get 

2 
k 


Pk < w{x.)d'^x 




1 + 2 


l-Sk 

13 + 2 
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with Sk as given in Corollarv \3.1\ : 

u+2 1 s^k-l 

s, = - j < 1 . 

5. Bounds for Neumann eigenvalues on subdomains of compact homogeneous 

SPACES 

In this section, we deai with the case where the ambient space is a compact homogeneous 
Riemannian manifoid (M, g) with isomorphism group denoted G. In particular, we shall recover 
Strichartz’s result [26| with a more efficient proof and extend it to a wider class of operators. We 
begin with bounds in the spirit of Theorem 13.II and then derive a phase-space bound analogous 
to Theorem SH 

Let us denote by 

spec(M) = {0 = Ao < Ai < A 2 < • • • < Afc < • • • } 

the spectrum of the Laplace-Beltrami operator Ag on M (each eigenvalue is repeated according 
to its multiplicity). Although 0 is a simple eigenvalue, all the other eigenvalues are degenerate 
owing to the transitive action of the isometry group G (recall that the eigenspaces are invariant 
under the action of G.) 

Given a regular domain C M endowed with densities and and a potential 

V, we consider the eigenvalues g, p,w,V), I G N, defined by ([T]) and ([2]) and seek for 

relationships between the pi's and the A^’s . As before, we will use the notation V = V + |V^pp. 

We also need the following subspaces introduced in Theorem 12.11 

Eq{R) = kev{H — gl) and E{R) = ker(iL — pi) 

^i<R 

where H = p,w,V) is the operator defined by dH). The corresponding subspaces associ¬ 

ated with the Laplacian Ag on M will be denoted 

Fo{R) = 0 ker(Ag — XI) and E{R) = ker(Ag — XI). 

X<R \<R 

Theorem 5.1. Let (M, g) be a compact homogeneous Riemannian manifold. Let pi = pi{Ll, g, p, w, V), 
/ G N, 6e the eigenvalues defined by on a bounded open set H C M. Then, for all z G M, 

(^ - hj)+ > ^ E (^ - ’ (66) 

j>0 ' j>0 

where Xj = Xj w dvg + f^Vw dvg. Equality holds in (l66]l for some z gR if and only if 

Eo{z) C e^Fiz) C E{z), 

^ - ih Vwdvg) . 

Proof. Let {y\ : X G spec(M)} be an orthonormal basis of L?‘{M,g) with Agy\ = Xy\. The 
proof relies on Theorem 12.II in which we take 9JI = spec(M) endowed with the uniform discrete 
measure, and use test functions of the form 

fx = yxe^. 
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For any function G e ‘^^dvg) (endowed with the 


norm 


^ = ^Pdvg), 


im 


{fx,'iljfdX = 




yxi^e Pdv, 


Aespec(M) 


AGspec(M) 


E 

Aespec(M) 


'M 


yxi^e ^dvg'] = [ il?e ^^dvg = 
J J M 


where we used the same notation 'ip to designate the extension of ip by zero outside 0. 

Let R > 0 and let 9Jto = {AG9Ji : A<i?}. Due to the transitive action of the isometry 
group G on M, for every eigenvalue A of A^, with multiplicity mjx, the basis {yx : A = A} of 
the corresponding eigenspace is such that '^x=A Vx constant on M. Integrating over M, we 
get 

2 "lA 


E 


Vx = 


A^A 

Moreover, 0 = l^g(J2x=Ayx) = Ea=a {^Vx “ that is 

i2 

v“yA 
a=a 

Therefore, 


E 


\M[ 


-A. 


(67) 


( 68 ) 


[ \\fxfdX= E [ Vxdvg= E 

X<R-’^ A<R 


|M( 


-TUA = 




-N{R). 


where N(R) is the number of eigenvalues of Ag on M that are less or equal to R (counted with 
multiplicity). On the other hand, using (IS7D and (IU5D . we get for every A, 


E E + y'lVVl' + 5(VV, V^y^)) 




Thus 


/©lo 


Q(/a, fx)dX = E / (IVVaP + Vfl) we-^Pdvg 


X<R' 


E [ ^ (A - IV»T . r) E A . 


A<R- 


\M\c 


X<R 


Inserting into ([B]), we get for every z G R and R > 0, 


E(^ - /^i)+ ^ 


Avm fn^dvg^ fn^wdvg 


j>0 


\M\, 

\a\„ 


Ea 

X<R 


m, 


i z — X 4' w dvn —f 

A^ V JVL Jn 


\MP 


Vw dVf 




NiR) 


(69) 


Notice that the RHS is negative if z < f^Vwdvg. Now, when z > f^Vwdvg, we can choose 
R = z = ^ so that the last sum is taken over all eigenvalues A for which the involved 

P^WdVg 
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terms are nonnegative, thus 


j>o 




Regarding the case of equality, it follows from Theorem 12.11 that equality holds in (1661) if and 
only if fx G E{z) for A < z and fx is orthogonal to Eq{z) for X > z. Equivalently, ePE{z) C E{z) 
and, since Span{/;^ : A > z} is the orthogonal complement of ePF{z), Eq{z) C ef‘E{z). □ 


As we have seen in the previous sections, our technique allows obtaining bounds on eigenvalue 
sums. In order to simplify the statement of these bounds, we intoduce the following notation : 
Given any sequence (a) = (ak)k>o of real numbers, we set for p G [1, +oo), 

1p1-i 

6(a)(P) = aj + {p- [p\)aipi , 

j=0 

so that when p is an integer, (p) is nothing but the sum of the first p terms oq, • • • , flp-i of 
the sequence (a). 


Theorem 5.2. Let {M,g) be a compact homogeneous Riemannian manifold. Let {p) = {pi)i>o 
be the sequence of eigenvalues defined by ([2|) on an open set Q C M. Then, for every p G [1, +oo), 




Mg 

mg 




(70) 


where (A) = (Aj)z>o is the sequence defined by Xi = Xi f^w dvg + Vw dvg. Moreover, equality 
holds in dZOD for some p = A: G N* if and only if 


Eo{pk) C e^Eb(A^) and e^F(A^_J C E{pk)- 


(71) 


with k = 


mop 

respeetively. 


and k = 


'map 


where [ J and \ ] denote the floor and the ceiling functions. 


Observe that we have Eq{X^) C E(A^_^) with equality if and only if A^_^ < A^). 

Proof of Theorem 15.21 As mentioned in Remark 13.11 Legendre’s transform enables us to obtain 
(j70p from (I66p . Alternatively, we can prove (I70p using the averaged principle, which has the 
advantage of allowing us to characterize the case of equality. Indeed, taking z = in ([6^ we 
immediately get, VR > 0 

Denote by 1 = A'o < -^i < -^2 < • • • < Aj- < ... the values taken by the function N{R), 7? G M, 
that is Nj = mo + mi + • • • + mj. The sequence of eigenvalues of on M is then numbered as 
follows : 

0 = Ao < Ai = A 2 = • • • = Atvi-i < Awi = • • • = Xn2-i < ^2 = • • • 

= ^Nj-l < ^Nj = ■ ■ ■ = XNj+i-I < ^Nj+i = • • • 


ivi. 




k < Aq+I. 


Let g G N such that 
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We consider the inequality (1721) with first N{R) = Ng and, then, N{R) = Ng^i. We multiply 
the first inequality by a = {Ng^i — ^-j^k)/mg+i and add the second inequality multiplied by 
^ to get 

ini _ ij^i _ ij^i 

'^l^j < Xj + (1 - a)Yj^mg+iXN, + kfik - TWr+ (^ “ a)Ng+i)i^k 

j=0 I '9 j=0 


El 

\M\ 


Y + (^ 


9 j=o 


|M|, 


N, = 


\M\, 


Y j + 


J=0 


|M| 


|Q| 


^ A; - iVj Aw, 


since a is chosen such that aNg + (1 — a)Nqj^i = Now, from the definition of Ng we have 

Awq = Awq+i = • • • = A, \M\g ,_| and, then, 

L inig 


Y + 

j=o 


\M\, 


|0|, 


^ A; - AT A^ = 6 


(A) 


\M\g 


which yields 


k-l 

Y>^9 < 

j=0 




mg 


k 


This means that ()70p holds for all p € N. Since the functions Sp) and are piecewise-affine 
in p, the extension of ()70p to all positive p is immediate. 

Let A: be a positive integer. The equality is achieved in ()70p for p = A: if and only if one of the 
following holds : 

• ^ppA; = Ng and equality holds in (1771) for R such that N{R) = Ng, i.e. for R = Aw^-i 

• ^ppA; > Ng and equality holds in (ITTp for the values of R such that N{R) = Ng and 
N{R) = A^q+i, i.e. for both R = Aw^-i and R = Awg+i-i- 

The hrst case corresponds to the case of equality in Theorem 12.II with z = fUl = spec(M), 
fUIo = {A G spec(M) ; A < Awg-i}- As in the proof of Theorem 15.11 this situation occurs if 

and only if Eo{pk) C ePF{XN^-i) C E{pk), with Ng = -^A:. Since Aw,-i < Xn,,, F(Aw,-i) = 
Fo(A 7 Vg), and the last conditions can be written as follows : 

.Eo(pfc) C e^Fo(A|M|g J and E{X\j^ ) d E{pk)- (73) 

|0|9 lOls'' ^ 

which is equivalent to (j7ip . 

In the second case, similar considerations show that equality holds if and only if 

Eoipk) C e^F(Aw,-i) C e^T(Aw,+i-i) C E{pk). (74) 


Since Ng<^-^ 


and 


k < Ng^i, it is clear that 




I ATI, 


Ng< 


m\g 


< iV,+i - 1 


- 1 < Ng+l - 1 . 


























22 


AHMAD EL SOUFI, EVANS M. HARRELL II, SAID ILIAS, AND JOACHIM STUBBE 


Thus, 


Consequently, 


= ^Nq+l-l = A 



= A 




_ IOI9 


IOI9 


-1 


loir 


and, since Xno-i < Aat , 


F(A«.-i) = F„(A«.) = F„(a ), 

| 0|9 ^ 


Therefore, (TTil) is equivalent to (ITB . □ 

Remarks 5.1. 1. The particular case of (unD in which w = 1 and p = V = 0 corresponds to 
the inequality obtained by Strichartz [261 Theorem 2.2]. 

In the same paper [26], Strichartz also proved, following Gallot (8] Proposition 2.9], that for 
Dirichlet eigenvalues pf of the Laplacian on a domain Q of a compact homogeneous Riemannian 
manifold {M,g), the reverse inequality 


&{^D){p) > 


\M\, 


G 


(A) 


Me 


-p 


holds. Contrary to what was found for Neumann eigenvalues in Theorem AB.^ a straightforward 
extension of the latter inequality to Dirichlet eigenvalues of a Laplacian with potential cannot hold 
in general. Indeed, such an extension would imply forp = 1 that /i^(Ag + C) > Jq V dvg, 
which is not always true (for example, if D is a spherical cap of radius r and if u is a positive first 
eigenfunction of the Dirichlet Laplacian on D, we can take the family of continuous potentials 
14 with ^ on the spherical cap of radius (1 — e)r, and I 4 is constant on the complement, 
then, using u as a test function, it is easy to see that ^^{Ag + 14 ) < Pq (Ag) + Ifl] while I 4 dvg 
tends to infinity as e ^ O.j 

2. Assume that jOj > IJM], then an immediate consequence of Theorem. 1 5. 2\ a,nd the fact that the 
first positive eigenvalue Ai of the Laplacian on a homogeneous manifold (M, g) has multiplicity 
at least 2, is the following inequality 

Mg 




VwdVf 


which yields for the Neumann Laplacian (with p = V = Q and w = 1) 

Mg 


Pi <2 


\M[ 


-Ai. 


In the case where D is equal to the whole of M, Theorem 15.21 leads to the following 

Corollary 5.1. Let {M,g) be a compact homogeneous Riemannian manifold. Let pi, ^ G N, be 
the eigenvalues defined by ([2|) on M. Then, for every k G N*, 

k—1 k—1 

j=0 j=0 

where equality holds if and only if 

Eo{pk) C e^Fo(Afc) and e^F(Afc_i) C E{pk). 

In particular, if mi is the multiplicity of Xi, then equality holds in (USD for k < mi if and only 
if iy + p\^)w — diVg{wV p) is constant on M and pj = Xj for j = 0,1, ■ ■ ■ ,k — 1. 
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Proof of Corollarv \5.1[ Assume that equality holds in (1751) for k < mi. Then we have £'o(//fc) C 
e^-Fo(Afc). Since k < mi, Fo(Afc) = F{Xq) = span{l}. It follows that Eo{fik) has dimension 
1, that is Eoluk) = E{^q) = span{e^}. Consequently, Hi = = ■■■ = Hk-, and is an 

eigenfunction of H associated with ho- Thus 


HeP = e'^Pdwg + Ywe^ = ■■■ , 

= ((y + |V®/9p)u; — divg(u;V/?)) 

which implies that {V + \S/^p\^)w — d\\g{wVp) = hq. Integrating, we get po 
Now, 

k—1 k—1 

p.o + {k- 1 )hi = '^k-j = '^ = Xo + ik- l)Ai 

j=0 j=0 


and, consequently, p,i = Ai. 


f^Vwdvg 


Aq. 


□ 


Remarks 5.2. 1. An immediate eonsequenee of Corollary 15.11 is that for any potential V on a 
compact homogeneous {M,g), one has for every positive k, 


k—1 

j=0 



V dvg, 


to he compared with the results of [6] . 

2. We know that for any k > 2, either Xk-i = A^ or else Xk-i = Xk- 2 - Notice that if 

Xk-i = Afc and if equality holds in dZSl) for k, then, necessarily, Xk-i = Pk-i = Pk = ^k- 

(This follows directly from the combination o/^^~q pj = Sj=o k-j — Sj=o 

Pj ^ Consequently, the equality also holds in (fTSjl for k — 1 and k + 1. 

Moreover, if pk > Pk-i, then the equality holds in dZSl) for k if and only if Xk > Xk-i and 

E{pk-i) = e^F(Afc-i). (Indeed, in this case, dim£'o(/^fc) = dimE{pk-i) = k and dimFo(Afc) = 
dimFo(Afc_i) = k.) 


Applying the Laplace transform to both sides of (I66p . we obtain the following comparison of 
the heat traces (see (15^ 1: 


Corollary 5.2. Let {M,g) he a compact homogeneous Riemannian manifold. Let pi, 
the eigenvalues defined by 1^ on a bounded open set Q C M. Then, for all t > 0, 


e-^^k > 

j>0 


V e-'^F 


IgN, be 


(76) 


where Xj = Xj w dvg + f^Vw dvg. 


Let us define the theta function via: 

m = 


1 

dvrt 


E ' 

(p,<?)GZ2 


p^ + q'^+pq 

u 


Corollary 5.3. Let T = Zei 0 Ze 2 C 6 e a lattice, where { 61 , 62 } is a basis o/M^. Let p, 
w > d,V be T-periodic functions on and denote by pi = pi{p,w,V), I G N, the eigenvalues 
of the operator H{p,w,V) defined by acting on T-periodic functions on Then, for all 


t > 0, 


Y > 0 

j>0 


|L!| 




( 77 ) 
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where VL is a fundamental domain for the action ofT on 

Proof. This result is a direct consequence of (|76p combined with Poisson’s formula and Mont¬ 
gomery’s Theorem [23]. 

□ 


We turn now to the phase space analysis taking into account the form of the potential V, and 
allowing conformal transformations and nontrivial weights. Let us denote by 

0 = Ao < Ai < A 2 < • • • < A/ < • • • 

the increasing sequence of eigenvalues of the Laplacian of the compact homogeneous space (M, g). 
The multiplicity of A; is denoted mi, and we designate by {yi^i,yi^ 2 , ' ^ yi,mi} an L^-orthonormal 

basis of the eigenspace associated with A;. 

In the case of a domain 12 in a manifold X ~ (M, e~‘^^g) that is conformally equivalent to 
{M,g), we shall use coherent-state test functions of the form: 

/c(x) := y£m(x)e^(^)/iy(x). (78) 

In this formula, /i(x) is a nonnegative function supported in the geodesic ball of radius r in 
the canonical metric on M, with = 1, and y ranges over the isometry group G. 

As before we choose it specifically as the ground-state Dirichlet eigenfunction on the geodesic 
ball of radius r and set X{hr) := Jg \Xh{x)\^d'^ x, which is thus the fundamental Dirichlet 
eigenvalue for the Laplacian on the geodesic disk of radius r. Denoting by Ty(x) the action by 
the group element y on the point x, we let 

hy(x) := h(Ty(x)). 

Recall that one can designate an arbitrary point of M as 0 and cover M with translates Ty(0). 
We normalize the uniform measure d'y on G so that for any / G f{Ty{x.))d'y{y) = 

fj^ f(x)dvg. The index ( = [I, m, y) ranges over Tl = J' x G, where J' is the set of all pairs of 
integer indices for the normalized eigenfunctions yim{^), and the associated measure da is the 
product of the counting measure on 77 with d'y. 

As in Section 2, we find it helpful to define: 


Definition 5.1. As before, 

P(x) := R(x) + \Xp\\ 

The weighted phase-space volume is 


$(^(A) := {7,m,y} :m<m^,Ty(0) G52,A, + P(ry(0)) < A 


^ mi I d'yiy). 

^R:A,+V(Ty(0))<A} 

The total energy associated with this phase-space volume is correspondingly 


' {y-Ty{o)m,V(Tym<A} 


(79) 


Et{k) : = 


'{y:Ty(0)GO,V(Ty(0))<A} 


J- 

Tf:A^+y(Ty(0))<A} 


+ V{T, 



dl{y)- 


(80) 


Theorem 5.3. Let go < < ... he the variationally defined Neumann eigenvalues m on a 

bounded open set 17 C M, where w, p, and V satisfy the assumptions stated in Section 1. Then 






SUMS OF EIGENVALUES 


25 


for all r > 0, 


Proof. Note that 


k-l 


- -E’^(A + Lip(A)r) +/C(/i^)$^^(A + Lip(A)r). 

j=0 

(0,/c)o = {e~^^''^hy{^)(t){^),yem)^, 


(81) 


where if 0 is a strict subset of M, then cf is extended by 0 outside fl. Thus, by the Fourier 
completeness relation, 


'G 


^(y) = / lie 

£! ^ I G 


£,m 


In ^ (/? 

/ l<^l 

Jn 


“^^dlVn = 


(82) 


To apply the theorem, choose DUq of the form {(£, m, y) : m < mi, Ty (0) G fl, A^+1/(Ty (0)) < A} 
for a finite A large enough so that 

<= < / = f f hl{x)e^'^’'>-M^Uadv, = |nK(A). (83) 

Jmo JnJmo 

We define A{k) as the minimal value of A for which (|83l) is valid and henceforth choose TUq = 
{(£, m, y) : m < mi, Ty (0) € fl, A^ + 1/ (y) < A(A:)}. Then 

k-l 


[ T^UddaiC) 

j=o 

= 11 «'(x) 
Jn Jmio 


yem{Kix)V{x) + |V/iy(x)| + Vp(x) • Vh (x 


T hy (x) I I T 2/ly (x) V/ly (x) • yirn^y^m) do'dvg 


< / / _ w^(x) 

/o i{y:V(Ty(0))<A} 


E 


h (x)(Af+ F(x)) + |V/iy(x)| U7(y) 


\M\ I V y' 

T£:A,+y(ry(o))<A} ' 

by dint of (l67|) and (i68l) . (The final cross term dropped out because it was proportional to the 
gradient of a constant function (fU71) . in analogy with ([MI)-) Because h is supported in a ball of 
radius r, we restrict the ^-integration to x : dist{x, y) < r with {£, m, y) G 9Jlo and estimate the 
integral in analogy with (j65p . obtaining 


fc-i 


1 


^ (t^) I ^(^) ( -h l^(x) }C{hr) ) da, 

j—Q Vu^l/ i(£,m,x)e®to(A+Lip(A)r) 

which yields the statement in the Theorem. 


(84) 


□ 
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